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Abstract—The large number of analog received signals to be processed
in massive MIMO systems renders conventional high-precision analogto-digital conversion (ADC) not feasible in terms of cost- and powerefficiency. In this paper we present a novel ADC architecture inspired by
the principles of integer-forcing source coding, which jointly reconstructs
the received signals in the digital domain. This scheme effectively exploits
the correlation among the received signals in order to increase the
achievable uplink transmission rates with respect to conventional ADC
units in the low-resolution regime.

I. I NTRODUCTION
Establishing a communication link between multiple transmitters
and a digital multi-antenna receiver requires an interface between the
analog received signals and the digital signal processing (DSP) unit.
To that end, the analog signals received at the multiple antennas are
sampled and quantized using an analog-to-digital conversion (ADC)
unit. When the received signals are sampled at the Nyquist rate or
above and quantized with high precision, the effects of the ADC unit
are negligible. However, high-precision ADC may not be feasible in
terms of cost- and power-efficiency [1] in communication systems
using a large number of receive antennas and a large bandwidth [2].
For instance, massive multiple-input multiple-output (MIMO) technology uses antenna arrays with the number of antenna elements
being some orders of magnitude larger than current state-of-the-art
MIMO technology [3], [4]. Converting all antenna outputs with high
precision results in unacceptable costs and power consumption and,
additionally, increases the throughput requirements in the fronthaul
link connecting the ADC unit to the DSP unit. The previous problems
are considered to be, in fact, among the key bottlenecks for realizing
future 5G wireless systems’ targets [2], [5].
Since the power consumption of ADC scales roughly exponentially
with the number of bits [1], a simple solution follows from substituting high-precision quantizers (e.g. 10-15 bits) with low-precision
quantizers (e.g. 3-5 bits), or, even 1-bit quantizers. This direction has
been extensively explored in the massive MIMO literature [5]–[11].
For instance, the mixed-ADC architecture in [9]–[11] substitutes a
large fraction of the high-precision quantizers by 1-bit quantizers.
The authors of [9] show that in the large-system limit rates close
to the infinite-precision (unquantized) capacity can be supported
using only a relatively small number of high-precision quantizers.
However, a significant performance degradation has been reported
under realistic operating conditions [5]. Particularly important is the
impact of large-scale fading and imperfect power control, which
results in received power imbalances among the different users and
renders the communication with the weakest users unfeasible.
In this paper we propose to circumvent these limitations by
introducing a novel ADC architecture inspired by the principles
of integer-forcing (IF) source coding in [12]. Conventional ADC
units fail to exploit any correlation that may exist between the
analog signals received at the different antennas, since each signal
is independently quantized based on its marginal statistics and it is
digitally reconstructed uniquely based on the output bits from the
corresponding quantizer. To the contrary, the considered IF-ADC unit

maps the signal received at each antenna to a quantization codeword
and subsequently reconstructs each channel output by recovering
linear combinations of possibly all the quantization codewords from
all the quantizers in the ADC unit. This way, the IF-ADC strategy
exploits the correlation between the analog received signals, which
results in non-negligible improvements in the uplink (UL) achievable
rates, particularly, when low-accuracy quantizers are used.
The IF-ADC architecture or, more exactly, (i) the specific analog
pre-processing of the channel outputs before quantization and (ii) the
joint digital reconstruction are inspired by the results of [12], where
the authors present a source-coding scheme for distributed lossy
compression of correlated sources with symmetric rate and distortion
in the reconstruction of each source. The possibility of using the
source-coding scheme in [12] for ADC was already suggested by the
authors. However, our analysis is different from [12] in the sense
that we are not interested in reconstructing the antenna outputs with
some distortion requirements, but in maximizing the UL achievable
sum-rate. This requires to adapt the behavior of the IF-ADC unit to
the spatial correlation of the received signals.
II. ADC-C ONSTRAINED S YSTEM M ODEL
We consider a single-cell uplink (UL) wireless system, in which
K single-antenna user equipments (UEs) communicate with a base
station (BS) with M antennas (see Fig. 1). The BS processing can
be summarized as follows. First, the M analog received signals are
converted by an ADC unit of limited resolution which provides a
digital reconstruction of the M channel outputs. These digital signals
are then fed into a decoder in order to recover the K transmitted
messages. Next, we describe each one of these blocks in more detail.
A. Transmitter and Channel Model
The k-th UE wishes to transmit a rate Rk message ωk ∈ Wk =
{1, . . . , 2nRk } to the BS and uses an encoder fk : Wk → R1×n
to
 into a length n channel input sequence xk =
 map the message
xk (1), . . . , xk (n) = fk (ωk ). We restrict the transmit codebook to
be drawn from the Gaussian ensemble, so that each codeword xk is
a sequence of n independent identically distributed (i.i.d.) zero-mean
real random variables, i.e., xk (t) ∼ N (0, Pk ), t = 1, . . . , n, where
Pk denotes the transmit power constraint of the k-th UE.
Let hm,k be the channel coefficient between the m-th BS antenna
and the k-th UE, then the power-normalized channel output at the
m-th BS antenna can be expressed as1
ym (t) =

K

1 X
hm,k xk (t) + zm (t) ,
σm

m = 1, . . . , M

(1)

k=1

where zm (t) ∼ N (0, N0 ) is the t-th sample of the length n
i.i.d. additive Gaussian noise sequence at the m-th antenna and
2
σm
=

K
X

h2m,k Pk + N0 .

(2)

k=1
1 For ease of exposition, we restrict to real-valued signals and channels and,
furthermore, we let the ADC unit to have unit-power inputs.
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Fig. 1. ADC-Constrained System Model.

B. ADC Unit Model
The channel outputs described by (1) are processed with a limitedresolution ADC unit working on a sample-by-sample basis, which is
bm
modeled by the quantization mappings Qm : R → {1,
 . . . , 2 b} and
the (possibly
joint) reconstruction mappings Um : 1, . . . , 2 1 ×

· · · × 1, . . . , 2bM → R, for m = 1, . . . , M , as depicted in Fig. 1.
The ADC unit is equipped with M quantizers, each connected to
one of the M receive antennas. The m-th quantizer has a resolution
of bm -bits and maps sample-by-sample the channel output at the m-th
antenna to a quantization index, ιm (t) ∈ {1, . . . , 2bm }, corresponding to the one of the 2bm codewords in the quantization codebook
Qm . Thus, applying the m-th quantizer to the m-th received
 signal
generates the length n sequence ιm = ιm (1), . . . , ιm (n) with

ιm (t) = Qm ym (t) .
(3)

III. S UM -R ATE IN ADC-C ONSTRAINED S YSTEMS


Given a channel matrix H = hm,k ∈ RM ×K , a transmit power
set P1 , . . . , PK , a per-antenna additive noise power N0 , and an ADC
unit structure (Qm , Um )M
with a resolution of (bm )M
m=1 P
m=1 bits, we
K
say that the sum-rate R =
k=1 Rk is achievable by the ADCconstrained system in Sec. II if, for any  > 0 and a sufficiently long
block length n, the message of the k-th UE can be decoded at a rate
of at least Rk with vanishing probability of decoding
error for all K

UEs, i.e., Pr (ω̂1 , . . . , ω̂K ) 6= (ω1 , . . . , ωK ) ≤ .
Under NN-decoding, the highest sum-rate, for which the probability of error averaged over the ensemble of Gaussian codebooks
converges to zero as the block length n → ∞, is given by the
generalized mutual information (GMI) [13]–[15] introduced in the
following lemma.

The sequence of bits from all M quantizers is used to reconstruct sample-by-sample the received signal. In particular, the tth
entry of the reconstruction vector r(t) =
 sample of the m-th
T
r1 (t), . . . , rM (t) is obtained (possibly) using the M quantization
indices ι(t) = [ι1 (t), . . . , ιM (t)]T as

rm (t) = Um ι(t) .
(4)

Lemma 1 ([9, Prop. 1 and 3]). Consider the the ADC-constrained
system model in Sec. II. The GMI of the k-th UE is

1
ξk 
IGMI,k = log 1 +
, with
(7)
2
1 − ξk
1 T −1
Σk Σ Σk
(8)
ξk =
Pk


where Σk = E rxk and Σ = E rrT , with r distributed as the
i.i.d. sequence r(t) given y1 (t), . . . , yM (t), t = 1, . . . , n, and xk
distributed as the i.i.d. sequence xk (t), t = 1, . . . , n. The expression
in (8) assumes that the linear combiner wk and the decoding
parameter ak are optimally chosen as wk = Σ−1 Σk and ak = ξk .

The previous general ADC unit model is particularized for the conventional ADC and the proposed integer-forcing ADC architectures
in Sec. IV and V, respectively.
C. Decoder Model
After the ADC unit, the reconstructed signal sequence r(t) for
t = 1, . . . , n is provided to the decoder, which recovers the K
transmitted messages. Here we restrict to a nearest neighbor (NN)
decoding structure, which captures the behavior of the decoding
strategies used in practical systems and works as follows. The
reconstructed channel output r(t) is first filtered using a linear
combiner wk ∈ RM ×1 to estimate the channel inputs as
x̂k (t) = wkT r(t),

k = 1, . . . , K,

t = 1, . . . , n.

(5)

Then, the corresponding message ωk is decoded using a NN
decoding rule, i.e., upon observing x̂k = x̂k (1), . . . , x̂k (n) ∈
R1×n , the decoder computes xk = fk (ωk ), for all possible messages
ωk ∈ Wk , and the distance metric
n
1X
2
x̂k (t) − ak xk (t)
(6)
Dk (x̂k , ωk ) =
n t=1
with ak ∈ R selected to optimize the decoding performance. Finally,
ω̂k = Dk (x̂k ) = arg minωk ∈Wk Dk (x̂k , ωk ) is selected as the
message minimizing the distance metric in (6).

In consequence, the maximum achievable sum-rate for the ADCconstrained system model is obtained as
R=

K
X
k=1

Rk =

K
X

IGMI,k

(9)

k=1

where IGMI,k denotes the GMI of k-th UE as given in Lem. 1. Next
we use the expression in (9) to evaluate and optimize the performance
of the conventional ADC and the proposed IF-ADC units.
IV. C ONVENTIONAL ADC U NIT
In this section we derive the maximum sum-rate achievable with
conventional ADC (C-ADC) units, which are composed of M independent quantization-reconstruction chains as depicted in Fig. 2.(a).
That is, the m-th received signal is quantized sample-by-sample2 and
independently of the other signals, and reconstructed based only on
the output of the m-th quantizer.
2 Since practical quantizers operate on a sample-by-sample basis, henceforth
we omit for the sake of notation the channel use index t.
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with b·c denoting the floor function. From Lem. 1, the sum-rate in
the next theorem follows.
Theorem 1 ([16]). Consider the ADC-constrained system model from
Sec. II with a C-ADC unit using M mid-rise uniform quantizers
with bit-resolutions, and quantization and reconstruction step-sizes
(bm , αm , βm )M
m=1 . The largest achievable sum-rate is given by the
sum of the K individual GMIs in Lem. 1 with the M ×M correlation
matrix Σ and the M × 1 cross-correlation vectors Σk defined as
bm −1

2X
 
Σ m,m = 2

iβm )2 Pri (αm )

(12)

 
Σ m,m0 = 2

(iβm )(jβm0 ) Pri,j (αm , αm0 )

i,j=1
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= √
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(14)

i=1

for m, m0 = 1, . . . , M and m 6= m0 , with


Pri (αm ) = Q (i − 1)αm − Q iαm

V. I NTEGER -F ORCING ADC U NIT
In this section we describe the IF-ADC unit depicted in Fig. 2.(b),
we derive its maximum achievable sum-rate, and we provide an
algorithm to adapt the IF-ADC parameters. As opposed to the
conventional ADC unit in Fig. 2.(a), the IF-ADC unit in Fig. 2.(b): (i)
pre-processes (depending on parameter α) each analog channel output
before independently quantizing them, and (ii) jointly reconstructs
(using the reconstruction matrix A) all received signals based on the
outputs of the M quantizers. The IF-ADC parameters α and A need
to be selected to maximize the achievable sum-rate.
(i) IF Quantization: We consider that the IF-ADC unit uses M
mid-rise uniform quantizers as defined in Sec. IV, with the m-th
quantizer having bm bits, input range [−α/2, α/2], quantization stepsize αm = 2−bm α and reconstruction step-size βm = αm /2. The
m-th quantization mapping Qifm (·) operates as follows. First, the m-th
analog channel output is processed before quantization as

ỹm = modα ym + dm
(19)
where
dm is a random
dither signal uniformly distributed in the range


− αm /2, αm /2 , and


modα (x) = x − α 1 + x/α − 1/2
(20)
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Fig. 2.(b) Integer Forcing ADC Unit.

We assume that the m-th quantizer is a mid-rise uniform quantizer
with bm bits, input range [−α/2, α/2], quantization step-size αm =
2−bm α, and reconstruction step-size βm , so that


ιm = Qcm (ym ) = max min bym /αm c, 2bm −1 − 1 , −2bm −1
rm =
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Fig. 2.(a) Coventional ADC Unit

Ucm (ιm )

Qc1 (·)

d1

yM

rM

Joint IF Reconstruction Uif (·)

ι1

(15)


Pri,j (αm , αm0 ) = Q (i − 1)αm , (j − 1)αm0 , ρm,m0


+ Q iαm , jαm0 , ρm,m0 − Q iαm , (j − 1)αm0 , ρm,m0

− Q (i − 1)αm , jαm0 , ρm,m0 (16)
P
2
0
where σm
is given in (2), ρm,m0 = (σm σm0 )−1 K
k=1 hm,k hm ,k Pk ,
and we have used the uni- and bi-dimensional Gaussian Q-functions
defined as [17, eq. (4.1) and eq. (4.3)]
Z ∞
u2
1
e− 2 du
(17)
Q(x) = √
2π x
Z ∞ Z ∞ u2 +v2 −2ρuv
−
1
2(1−ρ2 )
p
Q(x, y, ρ) =
e
dvdu. (18)
2π 1 − ρ2 x
y
Remark 1.1. Thm. 1 provides a generalization of [9, Prop. 6] for
uniform mid-rise quantizers of bm > 1 bits.
The sum-rate under the C-ADC unit given in Thm. 1 can be
maximized with respect to the quantization step-size αm and reconstruction step-size βm of each C-ADC chain by minimizing the
mean-squared error (MSE) of quantizing the zero-mean unit-variance
Gaussian channel output ym [15, Sec. V].

denotes a symmetric modulo operation performed in the analog
domain. Note that, the quantizer input signal ỹm always lies in the
quantizer input range [−α/2, α/2]. Finally, the quantization index
ιm is obtained by applying the m-th symmetric uniform quantizer to
analog pre-processed signal ỹm , i.e., ιm = Qifm (ym ) = Qum (ỹm ).
(ii) IF Reconstruction: The joint reconstruction mapping Uif (·)
operates as follows. First, the quantization codewords corresponding
to the M quantization indices are recovered using the C-ADC
reconstruction mapping in (11) for βm = αm /2:

qm = Ucm (ιm ) = αm ιm − 2bm −1 − 1/2
(21)



= αm modα ym + dm /αm c + 1/2 .
(22)
Following [12], the resulting quantization codebooks can be described
resorting to one-dimensional lattices [18] as Qm = Λm ∩ V(Λ),
where Λ ⊆ Λm form M pairs of nested lattices with Λ = α · Z
and Λm = αm · Z, and V(Λ) = [α/2, α/2) denotes the fundamental
Voronoi region of Λ. Accordingly, the quantization codewords in (22)
can be equivalently written as


qm = QΛm ym + dm − αm /2 mod Λ + αm /2
(23)
where QΛm (·) denotes the lattice-quantization with respect to Λm
and [·] mod Λ denotes lattice-modulo

Toperation with respect to
Λ. Then, the dither d = d1 , . . . , dM
is removed from the M

T
quantization codewords q = q1 , . . . , qM
and the resulting vector
is modulo-Λ reduced:




(24)
q̃ = q − d mod Λ = y − zQ mod Λ


T
where zQ = zQ,1 , . . . , zQ,M
denotes the quantization error with


zQ,m = ym + dm − αm /2 mod Λm
(25)
uniformly distributed in V(Λm ) = [−αm /2, αm /2) and independent of ym , due to the Crypto lemma [18, Lem. 4.1.1], so that

2
2
−2b1
, · · · , 2−2bM ). (26)
E zQ zT
Q = (α /12)Db = (α /12)diag(2
Finally,
given
full row-rank integer valued matrix A =
 T
 the
M ×M
a1 , . . . aT
, the reconstruction vector r is computed as
M ∈ Z




T 
r = r1 , . . . , rM = Aq̃ mod Λ = A(y − zQ ) mod Λ. (27)
Observe that an error in the reconstruction of the m-th entry of r,
i.e. rm , occurs if aT
m (y − zQ ) lies outside V(Λ) = [−α/2, α/2).
Thus, we have that rm = aT
m(y − zQ ) with probability Pr(α, am ) =
Pr |aT
and rm behaves as random signal
m (y − zQ )| ≤ α/2
uniformly distributed in V(Λ) with probability 1 − Pr(α, am ).
Given the IF-ADC parameters, α and A, the sum-rate in the next
theorem follows.
Theorem 2 ([16]). Consider the ADC-constrained system model from
Sec. II with an IF-ADC unit using M mid-rise uniform quantizers with bit-resolutions, quantization and reconstruction step-sizes
M
bm , 2−bm α, 2−bm −1 α m=1 , and reconstruction matrix A. The best
achievable sum-rate is given by the sum of the K GMIs in Lem. 1 with
the M × M correlation matrix Σ and the M × 1 cross-correlation
vectors Σk defined as


 
2
Σ(α, A) m,m = aT
m Σyy + (α /12)Db am Pr(α, am )

+ (α2 /12) 1 − Pr(α, am ) (28)




2
Σ(α, A) m,m0 = aT
m Σyy + (α /12)Db am0

Pr(α, am , am0 ) − Pr(α, am , −am0 ) (29)



(30)
Σk (α, A) m = aT
m Σyxk Pr(α, am )

 T
0
for m 6= m = 1, . . . M , with Σyy = E yy , Σyxk = E yxk ,
and3
 α 
Pr(α, am ) ≈ 1 − 2Q
(31)
2σ(am )
 α

α
Pr(α, am , am0 ) ≈ Q
,
, ρ(am , am0 )
2σ(am ) 2σ(am0 )


α
α
,−
+Q −
, ρ(am , am0 ) (32)
2σ(am )
2σ(am0 )
where we have used the Gaussian Q-functions in (17) and (18) and
2

σ (am ) =

aT
m (Σyy

2

+ (α /12)Db )am
(33)
1
2
aT
ρ(am , am0 ) =
m (Σyy + (α /12)Db )am0 . (34)
σm (am )σ(am0 )
The IF-ADC architecture supports, then, a sum-rate of
Rif (α, A) =
K

1X
−1
log2 1 − ΣT
(α, A)Σk (α, A)
(35)
k (α, A)Σ
2
k=1




where the entries Σ(α, A) m,m and Σk (α, A) m take into account the the probability of the m-th reconstruction
in (27) being suc
cessful, Pr(α, am ), and the entries Σ(α, A) m,m0 , with m 6= m0 ,

−

3 The approximations in (31) and (32) follow from assuming that the
equivalent quantization error AzQ is Gaussian distributed, which can be
justified in the large system limit. The exact expressions are given in [16].

include the probability of both the m-th and m0 -th reconstructions
in (27) being successful Pr(α, am , am0 ) − Pr(α,
 am , −am0 ) =
T
Pr |aT
(y
−
z
)|
≤
α/2,
|a
(y
−
z
)|
≤
α/2
. Unfortunately,
0
Q
Q
m
m
the expressions in (28)-(30) do not lead to a tractable approach for
obtaining the IF-ADC parameters α and A, which maximize the sumrate in (35). Here we propose to simplify the optimization problem
as follows.
First, observe that all M entries of the reconstruction vector r in
(27) are successful, i.e., rm = aT
m (y − zQ ), for m = 1, . . . , M , with
probability


(36)
Pr α, A = 1 − Pr max aT
m (y − zQ ) > α/2
m

≥1−2

M
X

exp



m=1

−

α2
8σ 2 (a


m)

(37)

where (37) comes from the analysis in [12]. Hence, we can conclude
that a good approach to select the reconstruction matrix A is to
maximize the lower bound on Pr(A, α) for some fixed α > 0 as
A? = arg
= arg

min

max σ 2 (am )/α2

min

max kΓ(α)T am k2

A∈ZM ×M , det(A)6=0
A∈ZM ×M , det(A)6=0

m

m

(38)

where Γ(α) comes from the Cholesky decomposition: Γ(α)Γ(α)T =
((12/α2 )Σyy + Db ). Although the problem in (38) is conjectured
to be NP-hard, its solution can be approximated in polynomial time
using lattice reduction algorithms, e.g., the LLL algorithm [19].
Once we have fixed the reconstruction matrix A, we can maximize
the sum-rate in (35) with respect to parameter α > 0 and iterate
between both optimization problems as shown in the following
algorithm.
Algorithm 1 IF-ADC Parameter Optimization
1: initialization
2:
3:
4:
5:
6:
7:

Set i ← 0 and choose α(0) > 0.
repeat

(i) 2
Γ(α(i) ) = CHOLESKY (12/(α
) )Σyy + Db

(i+1)
(i) T
A
= LLL Γ(α ) .

α(i+1) = arg max Rif α, A(i+1) .
α>0
i ← i + 1.
until convergence.
VI. N UMERICAL E VALUATION

In this section we evaluate the performance of the proposed IFADC strategy and compare it with respect to conventional ADCs
through numerical simulations. We consider a single-cell UL wireless
system, in which a BS with M = 64 antennas using ADC units with
resolutions of b = {4, 5} bits serves K = 4 single-antenna UEs with
transmit power constraint Pk .
We compute the sum-rate supported by the considered ADCconstrained system averaged over 1000 uncorrelated Rayleigh channel realizations for (i) the C-ADC unit of Sec. IV using Thm. 1
with the optimum quantization step-sizes and reconstruction levels
obtained by minimizing the MSE; and (ii) the IF-ADC unit of
Sec. V using Thm. 2 with the IF-ADC parameters obtained through
Algorithm 1. For reference, we also include the achievable sum-rate
for (iii) an infinite-precision ADC unit obtained using Lem. 1 with the
reconstructed channel outputs being equal the actual channel outputs.
This serves as an upper bound on the achievable sum-rate under the
system model in Sec. II.
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Fig. 3. Average achievable sum-rate R for M = 64, K = 4, and b = {4, 5} bits using the C-ADC unit (solid blue), the proposed IF-ADC unit (dashed
red), and the infinite-precision ADC unit (dotted black) as (a) a function of the received SNR, and (b) as a function of the received SNR imbalance ∆SNR.

In particular, Fig. 3.(a) shows the average achievable sum-rate
R as function of the per-antenna average received SNR, SNRk =
Pk E{khk k2 }/(M N0 ) = Pk /N0 , when all K = 4 users transmit
with equal power, i.e., Pk = P . As expected, the IF-ADC unit supports higher sum-rates than conventional ADCs when low-accuracy
quantization is adopted. This gap can be substantially high in the
medium- to high-SNR regime.
Fig. 3.(b) shows the average achievable sum-rate R as function
of the per-antenna average received SNR imbalance ∆SNR, when
users 1 and 2 are received with SNRk = 20 + ∆SNR dB and users
3 and 4 are received with SNRk = 20 dB. Observe that the sumrate achievable by the C-ADC unit decreases, as the received power
imbalance ∆SNR slightly deviates from 0 dB. The quantization stepsizes and reconstruction levels in C-ADC units are adapted to the
marginal statistics of the signal received at each antenna, which is a
noisy combination of the signals transmitted by the different users. In
consequence, users received with higher powers are better adapted to
the quantization parameters. In contrast, the proposed IF-ADC unit
can better deal with received power imbalances, as this information
is captured by the IF-ADC parameter adaptation procedure in Alg. 1.
This is of high relevance and one of the main benefits of the IF-ADC
architecture, since received power imbalances are always present in
wireless communication systems, even when some kind of power
control strategies are implemented.
VII. C ONCLUSION
In this paper we have presented a novel ADC architecture inspired
by the principles of integer-forcing source coding. The considered
IF-ADC unit pre-processes the channel outputs before quantization
and jointly reconstructs the received signals in the digital domain by
jointly processing all quantization indices. This way, the correlation
among the received signals is exploited and the IF-ADC strategy
achieves higher UL sum-rates than conventional ADC units and better
deals with receive power imbalance among the different users.
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